We introduce a mean of a real-valued measurable function f on a probability space induced by a strictly monotone function . Such a mean is called a -mean of f and written by M (f). We first give a new interpretation of Jensen's inequality by -mean. Next, as an application, we consider some geometric properties of M (f), for example, refinement, strictly monotone increasing (continuous) -mean path, convexity, etc. Mathematics Subject Classification (2000): Primary 26E60; Secondary 26B25, 26B05.
Introduction
We are interested in means of real-valued measurable functions induced by strictly monotone functions. These means are somewhat different from continuously differentiable means, i.e., C 1 -means introducing by Fujii et al. [1] , but they include many known numerical means. Here we first give a new interpretation of Jensen's inequality by such a mean and we next consider some geometric properties of such means, as an application of it. Throughout the paper, we denote by (Ω, μ), I and f a probability space, an interval of ℝ and a real-valued measurable function on Ω with f(ω) I for almost all ω Ω, respectively. Let C(I) be the real linear space of all continuous real-valued functions defined on I. Let C + sm (I) (resp. C − sm (I)) be the set of all C(I) which is strictly monotone increasing (resp. decreasing) on I. Then C + sm (I) (resp. C − sm (I)) is a positive (resp. negative) cone of C(I). Put C sm (I) = C + sm (I) ∪ C − sm (I). Then C sm (I) denotes the set of all strictly monotone continuous functions on I.
Let C sm , f (I) be the set of all C sm (I) with ∘ f L 1 (Ω, μ). Let be an arbitrary function of C sm , f (I). Since (I) is an interval of ℝ and μ is a probability measure on Ω, it follows that
Then there exists a unique real number M (f) I such that (ϕ • f )dμ = ϕ(M ϕ (f )). Since is one-to-one, it follows that
x , etc., respectively. In Section 2, we prepare some lemmas which we will need in the proof of our main results.
In Section 3, we first see that a -mean function: ∇ M (f) is order-preserving as a new interpretation of Jensen's inequality (see Theorem 1) . We next see that there is a strictly monotone increasing -mean (continuous) path between two -means (see Theorem 2) . We next see that the -mean function is strictly concave (or convex) on a suitable convex subset of C sm , f (I) (see Theorem 3). We also observe a certain boundedness of -means, more precisely,
under some conditions (see Theorem 4) . In Section 4, we treat a special -mean in which is a C 2 -functions with no stationary points.
In Section 5, we will give a new refinement of the geometric-arithmetic mean inequality as an application of our results.
Lemmas
This section is devoted to collecting some lemmas which we will need in the proof of our main results. The first lemma is to describe geometric properties of convex function, but this will be standard, so we will omit the proof (cf. [ [2] , (13.34) Exercise: Convex functions]. Lemma 1. Let be a real-valued function on I. Then the following three assertions are pairwise equivalent:
(i) is convex (resp. strictly convex).
(ii) For any c I°, a function l c, defined by
is monotone increasing (resp. strictly monotone increasing) on I\{c}.
(iii) For any c I°, there is a real constant m c ℝ such that
for all x I\{c}, i.e., the line through (c, (c)) having slope m c is always below or on (resp. below) the graph of .
Here I°denotes the interior of I. For , ψ C sm (I) and c I°, put
This function has the following invariant property:
for each a, b ℝ with a ≠ 0. In this case, we have the following Lemma 2. Let ϕ, ψ ∈ C + sm (I). Then, the following three assertions are pairwise equivalent:
(i) For any c I°, l c,,ψ is monotone increasing (resp. strictly monotone increasing) on I\{c}.
(ii) For any c I°, there is a real constant m c ℝ such that
Proof. (i) ⇒ (ii). Fix c I°arbitrarily. For any x I\{c}, put u = (x) and then
If l c,,ψ is monotone increasing (resp. strictly monotone increasing) on I\{c}, then l c,,ψ ∘ -1 is also monotone increasing (resp. strictly monotone increasing) on (I) \{(c)} and hence by (1) and Lemma 1, we can find a real constant m c ℝ which is independent of x such that
Since u = (x), we have
Then x I and c I°. If we can find a real constant m c ℝ which is independent of u such that
and hence ψ ∘ -1 is convex (resp. strictly convex) on (I) by Lemma 1.
(iii) ⇒ (i). Take c I°and x I\{c} arbitrarily. Put u = (x) and d = (c).
If ψ ∘ -1 is convex (resp. strictly convex) on (I), then by (2) and Lemma 11, l c,,ψ ∘ -1 and hence l c,,ψ is monotone increasing (resp. strictly monotone increasing) on I \{c}. □ For each C sm (I), t [0, 1] and x, y I, put
This can be regarded as a -mean of {x, y} with respect to a probability measure which represents a weighted arithmetic mean (1-t) x + ty.
For each C sm (I), denote by ∇ a three variable real-valued function:
for all t (0, 1) and x, y I with x ≠ y. Remark. The continuity of implies that ∇ ≤ ∇ ψ (resp. ∇ < ∇ ψ ) if and only if
for all x, y I with x ≠ y. These order relations "≤" and "<" play an important role in our discussion.
Proof. (i) Suppose that ∇ = ∇ ψ holds. Take u, v (I) with u ≠ v arbitrarily and put x = -1 (u) and y = -1 (v), hence x ≠ y. By hypothesis,
for all t (0, 1). This means that ψ ∘ -1 is convex and concave on (I) and hence we can write ψ( -1 (u)) = au + b for all u (I) and some a, b ℝ. Therefore, ψ(x) = a(x) + b for all x I. Since ψ is non-constant, it follows that a ≠ 0. The reverse assertion is straightforward.
(ii) Assume that ψ is monotone increasing. Take u, v (I) with u ≠ v arbitrarily and put x = -1 (u) and y = -1 (v), hence x ≠ y. If ∇ ≤ ∇ ψ holds, then
and hence
for all t (0, 1). This means that ψ ∘ -1 is convex.
Conversely, if ψ ∘ -1 is convex, we see that ∇ ≤ ∇ ψ holds by observing the reverse of the above proof. Also a similar observation implies that ∇ < ∇ ψ holds if and only if ψ ∘ -1 is strictly convex on I.
(iii) Assume that ψ is monotone decreasing. Then -ψ is monotone increasing. Hence, by (ii), we have that ∇ ≤ ∇ -ψ (resp. ∇ < ∇ -ψ ) holds if and only if (-ψ) ∘ -1 is convex (resp. strictly convex) on (I). However, since ∇ ψ = ∇ -ψ holds by (i) and (-ψ) ∘ -1 is convex (resp. strictly convex) on (I) iff ψ ∘ -1 is concave (resp. strictly concave) on (I), we obtain the desired result. □ 
sm (I) with ∇ < ∇ ψ . Take t (0, 1) and x, y I with x ≠ y arbitrarily. To show that a function s → x∇ t,ξ s y is strictly monotone increasing on [0, 1], let 0 ≤ s 1 <s 2 ≤ 1. Take c I ∘ arbitrarily. Since ∇ < ∇ ψ holds, it follows from Lemmas 2 and 3 that l c,,ψ is strictly monotone increasing on I\{c}. Moreover, we have
for each x I\{c}. Therefore, we have
and
for each x I\{c}. If s 1 = 0, then it is trivial by (3) that λ c,ξ s 1 ,ξ s 2 is strictly monotone increasing on I\{c}. If s 1 ≠ 0, then
for all x I\{c}. So, by (4) For the case of ϕ, ψ ∈ C − sm (I), since −ϕ, −ψ ∈ C + sm (I), it follows from the above discussion that a function s → x∇ t,−ξ s y is strictly monotone increasing on [0, 1]. However, by Lemma 3-(i), x∇ t,−ξ s y = x∇ t,ξ s y, where t (0, 1) and x, y I with x ≠ y, and then we obtain the desired result. □ Lemma 5. Let and ψ be two functions on I such that ψ -is strictly monotone increasing (resp. decreasing) on I and ψ is convex (resp. concave) on I. Then
holds for all t (0, 1) and x, y I with x <y. Proof. Let x, y I with x <y and t (0, 1). Put z = (1 -t)x + ty. Then, we must show that (1 -t) (x) + tψ(y) -((1 -t) + tψ)(z) > 0 (resp. < 0). Since x <z <y and ψ-is strictly monotone increasing (resp. decreasing) on I, it follows that
Also since ψ is convex (resp. concave) on I, it follows from Lemma 1 that l z,ψ is monotone increasing (resp. decreasing). Therefore, we have
The following lemma gives an equality condition of Jensen's inequality. For the sake of completeness, we will give a proof.
Lemma 6. Let δ be a strictly convex or strictly concave function on I. Suppose that g is a real-valued integrable function on Ω such that g(ω) I for almost all ω Ω and δ ∘ g L
(Ω, μ). Then δ( gdμ) = (δ • g)dμ if and only if g is a constant function.
Proof. We first consider the strictly convex case. Put c = gdμ. If c = inf I, then c ≤ g (ω) for almost all ω Ω and so g(ω) = c must hold for almost all ω Ω. Similarly, if c = max I, then g(ω) = c for almost all ω Ω. Therefore, we can without loss of generality assume that c belongs to I ∘ . Since δ is strictly convex, we can from Lemma 1 find a real constant m c ℝ such that
for all x I\{c}. Replacing x by g(ω) in (5), we obtain
for almost all ω Ω. Integrating both sides of this equation, we have
Now assume that δ( gdμ) = (δ • g)dμ. Then (6) implies that
for almost all ω Ω. If μ({g ≠ c}) > 0, then we can find ω c Ω such that δ(g(ω c )) = m c (g(ω c ) -c) + δ(c) and g(ω c ) ≠ c. This contradicts (5) and hence g(ω) = c for almost all ω Ω.
Conversely, assume that g is a constant function on Ω. Then it is trivial that δ( gdμ) = (δ • g)dμ.
For the strictly concave case, since -δ is strictly convex on I, it follows from the above discussion that −δ( gdμ) = (−δ • g)dμ iff g is a constant function on Ω.
we obtain the desired result. □ Lemma 7. Suppose that f is non-constant and , ψ C sm,f (I). Then
is concave (resp. strictly concave) on (I) and ψ ∈ C − sm (I), then
holds.
(ii) If either ψ ∘ -1 is convex (resp. strictly convex) on (I) and ψ ∈ C − sm (I)or ψ ∘ -1
is concave (resp. strictly concave) on (I) and ψ ∈ C + sm (I), then
Assume that g is convex on (I) and ψ ∈ C + sm (I). Since g and δ ∘ g are integrable functions on Ω, we have
by Jensen's inequality. This means M (f) ≤ M ψ (f) because ψ is monotone increasing on I.
Next assume that g is concave on (I) and ψ ∈ C − sm (I). Then
by Jensen's inequality. This also means M (f) ≤ M ψ (f) because ψ is monotone decreasing on I.
For the strict case, since g is a non-constant function on Ω, we obtain the desired results from (7), (8), Lemma 6 and the above argument. □
(ii) Similarly.
Main results
In this section, we first give a new interpretation of Jensen's inequality by -mean. Next, as an application, we consider some geometric properties of -means of a realvalued measurable function f on Ω.
The first result asserts that a -mean function: ∇ M (f) is well defined and order preserving, and this assertion simultaneously gives a new interpretation of Jensen's inequality. However, this assertion also teaches us that a simple inequality yields a complicated inequality. Theorem 1. Suppose that f is non-constant and , ψ C sm,f (I). Then
is convex on (I) by Lemma 3-(ii). Therefore, we have
If ψ is monotone decreasing on I, then ψ ∘ -1 is concave on (I) by Lemma 3-(iii).
(ii) Similarly. □ Let , ψ C sm,f (I) and t (0, 1). Then, we can easily see that if either both and ψ are monotone increasing or both and ψ are monotone decreasing, then (1 -t) + tψ is also an element of C sm,f (I) [cf. Lemma 4-(i)]. The next result asserts that there is a strictly monotone increasing -mean (continuous) path between two -means.
Theorem 2. Suppose that f is non-constant and , ψ C sm,f (I) with ∇ < ∇ ψ .
is strictly monotone increasing and continuous on
function s → x∇ t,ξ s y is strictly monotone increasing on [0, 1] for each t (0, 1) and x, y I with x ≠ y, and hence we see that ∇ ξ s 1 < ∇ ξ s 2 holds. Therefore, we have from Theorem
. Then, we must show that a function s a s is continuous on [0, 1]. To do this, take 0 ≤ s <t ≤ 1 arbitrarily. By (i), we have a s <a t . Note that
Nakasuji
Therefore, we have
Since ϕ, ψ − ϕ ∈ C + sm (I) and (x) ≤ ψ(x) for all x I by hypothesis, it follows that
Hence, after taking the limit with respect to s in the Eq. (9), we obtain
However, since -1 is continuous on (I), we conclude that
Similarly, after taking the limit with respect to t in the Eq. (9), we obtain
These observations imply that a function s a s is continuous on [0, 1], as required.
For the case that ϕ, ψ − ϕ ∈ C − sm (I) and (x) ≥ ψ(x) for all x I, a similar argument above implies that a function s a s is also continuous on [0, 1]. □
The next result asserts that the -mean function is strictly concave (or convex) on a suitable convex subset of C sm,f (I).
Theorem 3. Suppose that f is non-constant and , ψ C sm,f (I) with ∇ < ∇ ψ . Then
and ψ is convex (resp. concave) on I, then
holds for all t (0, 1).
(ii) If ψ, ϕ − ψ ∈ C − sm (I)(resp. C + sm (I)) and ψ is convex (resp. concave) on I, then
and ψ is convex [resp. concave] on I. Since ψ = + (ψ-), it follows from hypothesis that ψ ∈ C + sm (I) [resp. C − sm (I)]. Put x = M (f) and y = M ψ (f), and so x <y by Theorem 1-(ii). Also, we have from definition that
Let 0 <t < 1 and put u = M (1-t)+tψ (f). Then, we have
by definition. Therefore,
I\{c} and c I°. This implies that λ c,ξ s ,ψ−ϕ is strictly monotone increasing on I\{c} for each s ≥ 1 and c I°. Then by Lemmas 2 and 3, we conclude that ∇ ξ s < ∇ ψ−ϕ for each s ≥ 1. Therefore, we have from Theorem 1-(ii) that
Now take s ≥ 1 arbitrarily and put α s = M ξ s (f ) and a = M ψ-(f), so a s <a. Since ϕ, ψ − ϕ ∈ C + sm (I), it follows that (a s ) <(a) and (ψ-)(a s ) < (ψ-)(a). By definition, we have
Hence, after taking the limit with respect to s, we obtain
However, since (ψ-) -1 is continuous on (ψ-)(I), we conclude that
For the decreasing case, replacing and ψ by -and -ψ, respectively, apply the above discussion for the increasing case.
(ii) Refer to the Proof of Theorem 2-(ii). □
-means by C 2 -functions
In this section, we treat a special -mean in which is a C 2 -functions with no stationary points. For each real-valued measurable function f on Ω, let C 2 sm * ,f (I) be the set of all C 2 -functions in C sm,f (I) with no stationary points, that is, '(t) ≠ 0 for all t I.
The following two statements are equivalent: (a) ψ ∘ -1 is convex (resp. concave) on (I).
ϕ (x) )ψ (x) ≥ 0(resp. ≤ 0) for all x I°. (ii) The following two statements are equivalent:
(c) ψ ∘ -1 is strictly convex (resp. strictly concave) on (I). holds for all x, y I with x <y and t (0, 1).
Proof. (i) Suppose that '(x) <ψ'(x) for all x I°and ψ' is monotone increasing on I. Let x, y I with x <y and t (0, 1). Put z = (1 -t)x + ty. Then, we must show that ((1 -t) + tψ)(z) < (1 -t)(x) + tψ(y). By the mean value theorem, we have for some θ, θ' (0, 1) because z + (y-z)θ ≥ x + (z-x)θ' and hence ψ'(z + (y-z)θ) ≥ ψ'( x + (z-x)θ') by hypothesis. Since x + (z-x)θ' I°, it follows from hypothesis that ψ (x + (z − x)θ ) > ϕ (x + (z − x)θ ) and so (1 -t)(x) + tψ(y) -((1 -t) + tψ)(z) > 0 from the preceding inequalities. Therefore, we obtain the desired inequality.
(ii) Similarly. □
